Journal of Statistical Physics, Vol. 17, No. 6, 1977

Derivation of the Transport Equation for Electrons
Moving Through Random Impurities
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A single (nonrelativistic, spinless) electron subject to a constant external
electric field interacts with impurities located on an infinitely extended
lattice by a potential of random strength. The random strength is given by
a field of Gaussian random variables. We show the existence of the averaged
dynamics and prove that in the weak coupling limit, A — 0, A%t = r fixed,
one obtains the usual transport equation for the velocity distribution.

KEY WORDS: Transport equation ; random impurities ; electrical conduc-
tion, van Hove limit.

1. INTRODUCTION

One of the central problems of nonequilibrium statistical mechanics is the
rigorous derivation of macroscopic evolution equations from the microscopic
dynamics. In the present paper we investigate this problem for the motion of
electrons through random impurities. This is not an artificial case, since for a
real solid at sufficiently low temperatures impurity scattering will be the
dominant source of collisions for conduction electrons. The scattering by
thermal vibrations of the crystal and by other conduction electrons becomes
increasingly weak as the temperature drops. As a consequence, the physics
of impurity scattering has been studied extensively (see Ref. 1 and references
therein).

We consider here a single (nonrelativistic, spinless) electron interacting
with impurities by a smooth potential V(r — x), where r is the position of the
electron and x is the position of the impurity. One is tempted to express the
random character of the impurities by assuming their location to be random.
However, a more tractable model results if we assume the impurities to be
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located on a fixed, infinite lattice and the interaction potential to be of random
strength, which means that the potential is of the form v,V (r — x), where v,
is a real random variable, We will be interested in a situation where the
coupling between impurities and electron is weak and therefore scale the
interaction strength by A > 0. Finally, we place the whole solid in a constant
external electric field E.
The total microscopic Hamiltonian then reads
H=—=A+ NE-r+ )Y v, V(r— x) »
xel’

where I' is a lattice, and the time evolution of a density matrix p is given by
the Liouville-von Neumann equation

(djdt)p = —i[H", p] )

The reason for scaling the electric field by A% can be easily understood in
terms of a ball moving through a viscous fluid. If the viscosity is decreased,
then in order to maintain a stable situation, we should also decrease the
applied force. It turns out that in our model the “friction” exerted by the
random potential on the electron decreases proportional to A% as A — 0 —
hence our scaling.

The precise nature of the random field {v,|x € I'} should be rather im-
material for small A. However, for mathematical reasons, we assume that
{vx|xeT} is a fleld of Gaussian random variables with mean zero and
covariance {v,v,> depending only on the relative distance of the sites x and y.
Since the random variables v, are unbounded, H” is only a formal Hamil-
tonian. We can easily arrange the v, in such a way that the electron is already
at infinity in a finite time, which means that the dynamics is not uniquely
defined for such a value of the v,.. We will have to show that such values of
the v, are of probability zero.

Given the hint that the coupling A is small, one applies second-order
perturbation theory (the first order vanishes since {v,.> = 0) to derive formally
the transport equation for the velocity distribution p(k)

(d/dt)p(k) + E-Vp(k) = fdk’ Kk, k)p(k) — p(ic)] 3

The collision kernel K is given in terms of the Fourier transform ¥ of the
potential ¥ and of the Fourier transform g of the covariance {v,v,) as

Kk, k') = 8(k* — K| V(k — k)|*8k — k') 4

The aim of the present paper is to show how one can rigorously derive
the transport equation (3) from the microscopic equations of motion (2). We
want to emphasize that by the same method we can also treat the derivation
of the transport equation for the truly dynamical model, where at every lattice
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site there sits a harmonic oscillator coupled to the electron by a one-phonon—
electron interaction and not coupled to all other oscillators (cf. Section 4).

Twenty years ago van Hove® investigated large systems with a Hamil-
tonian roughly of the form (1). He used a perturbation expansion in A (Dyson
expansion) and argued that the terms of order 2n should behave as A?"™
(This should be contrasted with the “crude” estimate giving an order of
Amg2n ) This indicates that the proper limit to look at is

A—0, A%t = r fixed (5)

which is the van Hove long-time, weak coupling limit. Furthermore, van Hove
made plausible that most terms of order 2 should even behave as A*"" ¢
e > 0, and therefore vanish in the weak coupling limit. The remaining terms
should add up in such a way as to result in the transport equation (3).
Amazingly enough, van Hove is right.

At first sight, the weak coupling limit (5) might look surprising. It should
be considered as a device to isolate a, for small A, dominant exponential time
decay from ““background” contributions. To illustrate this point, two ex-
amples are in order. The first one is the so-called Friedrichs or Lee model,
which is so simple that the weak coupling limit can be followed analytically.
The unperturbed Hamiltonian H, has a single eigenvalue embedded in the
continuous spectrum. The perturbation AV couples this eigenvalue to the
continuum. One is interested in the survival probability of the eigenstate. For
small A one has typically three time scales: an extremely short initial time
period followed by a long time period with almost pure exponential decay
and, finally, a long-time tail with a power law decay. On the (reduced) = time
scale the exponential decay rate stays practically constant and in the limit as
A — 0 the pure exponential decay survives,

The other example is somewhat more closely related to the present
model. Bruin®® made a molecular dynamics study of the two-dimensional
Lorentz model, where a hard disk moves through 2000 random point
scatterers. He computed the velocity—velocity autocorrelation function for
small scatterer densities p. On the reduced time scale = = 7p one finds the
dominant exponential decay exp(—%7) as given by the Boltzmann equation
and some smalil contributions which vanish in the limit p—0, f-» o0,
tp = r fixed. This example shows also, if one believes in the analogy, that
the diffusion constant and the conductivity as computed from the transport
equation (3) give the coefficient of the lowest order term (proportional to A~2)
in a A expansion (which is very likely not a power series expansion) of these
transport coefficients.

On a more intuitive level the weak coupling limit means that for small
Ain a unit 7 time interval the electron interacts weakly with many impurities.
Only in this limit can we hope to approximate the averaged microscopic time
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evolution (which contains complicated memory effects) by as simple a
Markovian time evolution as (3).

Martin and Emch® studied rigorously the van Hove weak coupling
limit for a model which is a simplified version of the present one. They use a
momentum cutoff, which means that the electron lives on the lattice of
integers Z° (the momentum space is the first Brioullin zone [—a, #]%). They
assume a d-type interaction potential and set E = 0. They studied the
averaged matrix elements ({¢|exp(iH ) exp(—iH W), in the weak coup-
ling limit and did not derive the transport equation (3). The importance of
the work by Martin and Emch lies, besides its originating the model, in the
fact that they revealed the mechanism responsible for the existence of the
weak coupling limit: The spreading of the quantum mechanical wave packet
allows one to control the perturbation expansion in such a way that in the
limit A — 0, A%t = r fixed, the transport equation results.

The paper is organized in the following way: We choose a Hamiltonian
H,* that is of the form (1) with the sum only over the finitely many sites in
A < T, Then the existence of the averaged dynamics 7}, for observables in
the interaction picture can easily be established. In Section 2 we show the
existence of the averaged dynamics in the infinite-volume limit

lim TP A4 = TP A (6)
AT

where A4 is a function of the momentum. In Section 3 we establish the existence
of the weak coupling limit
lim T{-z,A4 N

A0
and show that this limit is given by the integrated form of (3). The transport
equation can be derived under the following conditions: (i) a sufficiently
rapidly decreasing potential ¥ and covariance {v,v,>; (ii) a spatial dimension
of three or greater; and (iii) 0 < » < 7y, where 7, is roughly inversely pro-
portional to the sum > .. [<:0,>] and depends in a more complicated way
on the potential ¥ [cf. (54)].

The restriction (ii) comes from the fact that the spreading of the quantum
mechanical wave packet, used in an essential way in the estimates, is propor-
tional to |¢]|~*/2, which is integrable only for » > 3. Condition (iii) reflects
the use of a perturbation expansion whose convergence on the = time scale
can be controlled only up to =,.

2. EXISTENCE OF THE AVERAGED DYNAMICS IN THE
INFINITE-VOLUME LIMIT

The motion of the free electron in v-dimensional space under the
influence of an electric field A2F is described by the Hamiltonian

Hp = —A + XE-r (8)
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acting in the Hilbert space & = L*R’). The Hamiltonian H,* defined on
smooth functions has a unique self-adjoint extension. The unitary group
generated by H," is denoted by U N¢) = exp(—iHyt). We assume that the
random impurities are located on a lattice I' < R” interacting with the electron
by a smooth, rapidly decreasing potential V:
H» = —~A+ XEr+ A Z v, V({F — x) 9)
xeAcT
where v, € R and V(-) acts as multiplication operator. (Later, we will allow
potentials with somewhat less restrictive decay properties at infinity.) If A
is a finite subset of I', then H,* defined on smooth functions has a unique self-
adjoint extension. We denote by U,(¢) the unitary group generated by H,.
To express the random character of the impurities we let {v,|x €T} be a
translation-invariant, mean-zero field of Gaussian random variables, not
necessarily independent. The field is uniquely characterized by its covariance

<vxvy> = Zx-v X, Y€ r (10)
where
gehD), &k = (BZ) ¥ Y e"*g, >0 (11
xel’

for all k e BZ(I"), the first Brillouin zone of I'. BZ is the volume of the first
Brillouin zone. Any odd correlation function vanishes and the even correlation
functions are given by the rule

n
Oy Vg = ZI—.I[ 8xpias -1~ Xpcan) (12)
P 1=

X15eees Xan € T', where the sum runs over all (2»)!/(n! 2") pairings of the integers
{1,..., 2n}. [This is the subset of all permutations of {l,..., 2n} such that
p(2f — 1) < p(2j)and p(2j — 1) < p(2j + 1).] For finite A we use the projec-
tion <->, of the Gaussian measure to the cylinder set RI4%

In the following we will be interested in the time evolution of observables
A e &/ < B(s¢), which are functions of the momentum, i.e., we will study
only the time evolution of the velocity distribution. Whereas the present
section certainly generalizes, it is not clear whether the analysis of the weak
coupling limit can be extended beyond o7 It should be noted that & is neither
invariant under U,N(¢) nor invariant under the averaged time evolution. To
define the averaged dynamics for a finite A < I' (for observable 4 € « in the
interaction picture) we expand in terms of a Dyson series:

(¢, Thad) = L, UMNOUNN=)AUNDUN = )0
= i (—i)\)" f dtn dt1 Z <17x,, Ux1>A

Oty S o Sty <8

X (¢, [V = Xu, 1), Loy [V — 31, 12), AL J9) (13)
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where V(-, t) = UM —1)V Uy (). We have the bound
(6, UNDUAN—)AULNOUN =) < ] ]l [ 4] e (14)

where

c= (51'11) Z \V(r — x)l)(sl}g’\lvﬂ)

xeA

The right-hand side of (14) is integrable by the assumption on g. Therefore,
the averaged dynamics of the electron interacting with finitely many im-
purities exists.

To describe the motion of the electron in the infinitely extended field of
random impurities, it is natural to take the limit of 73}, as A tends to T'. We
will show that this limit exists for a suitable class of observables 4 € .7,

Before we state the theorem we note that Uy*(¢) has a very simple
representation in Fourier space. Let f: R* — R be the solution of the differ-
ential equation

NE-Vf(k) = k? (15)
and let V5(¢) be the shift by A2Ez: (Va(t)f)(k) = Ji(k + A2Et). Then

N i
Ut = e"Vi(t)e (16)

Theorem 1. Let Ve #(R") and 4 € B(o#) be a continuous function of
the momentum. Then in the strong topology of B(sF)

lim T2 A = TP a7

A-T

exists. T} is defined through the norm convergent series

Tr = > (N f dty, - dt,
n=0

0Kty <+ Shogn <t

X Z <vx2n vx1>[V(r — Xan, t2n)’ [: [V(r - X1, tl)a A]] (18)

X1seesXonel’

Proof. The commutators in (13) introduce permutations of the time
arguments that are given as the subset of all permutations of {l,..., n} such
that forall k = 1,...,n

am) > mn — 1) > 2k) = 1 <k — 1) << m(l)  (19)

[We will always think of the permutation as ordered from the right, i.e.,
a(n) --- w(1).] Since by definition any odd correlation of the Gaussian random
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field vanishes, the sum (13) extends only over even integers. To simplify
notation we define

Rn,A{Zl 3eeey I2n)A = Z <vxgn e vx1>A

XisesXon€A

X [V(l‘ — Xon, tzn), [[V(r — X3, 11)’ A]] (20)
Roa(D)A = j iy - dty Ry (11 ooy 1) A

0Kty € o Stop <t

Then, using the form of the free evolution in (16), we obtain
(¢> Rﬂ,A(rl yeers tzn)A¢)

= z Si(ﬂ)(zﬂ')-vn Z <Ux2n. o vx1>A j\ d®2n+1 . d®1 $*(®2"+1)
- Xyseinr XgnEA RVE@n+1)

X A(©y H(01) expli[f(Ozns1) — f(Ozns1 — NElran)l}

x (f:]z: exp{i[f(®; — NEt,;) — f(O; — AﬁEtw_n)]})

x expli[f(©: — A°Efyq)) — (O]

AT 70,01 - 0) explin®sea — 01} e

where 8 = 0,1 and si{(n) = 1,—1 depending on the permutation =. The
average is bounded by

Kz, 02018 < 20Y)(n! 29)([8]| )" (22)

Let ¥ € (R") and let 4 € C*(RY) as a functien of the momentum. Let A,
denote the Laplacian acting on functions of ®©;. We insert in (21)

2n
[T -2y -2y
i=1

with some positive integer m. Then

l(¢a Rn,A(tl sevey t2n)Al/l)i

2mi 2 )
< nn* (Ig] =) @)~ f Ay - dOy
. RY(2n + 1)
2n
* ( Z [Tia -2y
XiseorXgned F=2

x exp{—i[0,(x; — x;.1) — O (tayy — tag-1) + ONE({S; — t3,-1) 1]

X (1 = A= exp—i(@sx; — O%ty0) + @IAZEt,%m]l)

x ‘ﬁz*(@znq« 1);

ﬂ (1 = AYP(O,,1 — O)A®,, (@) 23)
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The term in the large parentheses is a 2n-fold convolution, which we will
estimate first. Let G, be the Fourier transform of (1 + A%)~™, Then

sup > [(1 — &)= exp[—i(Ox — O + ONEr)]|
[c]

xel

xel*

<>+ x2)“’"’f dy {(1 — A" [exp[(iy*s)1Gn(M]| 24)

xel’

fdy {expliv(x — 20s + A2Er)] exp(iy®s)}Gn(»)

where we choose the positive integer m’ such that the sum is finite. Expression
(24) is bounded by a finite polynomial C(|s|) with positive coefficients of the
form

Cus f dy | D Go(y)|

where «, 8 are multiindices and D stands for differentiation. Upon Fourier-
transforming, we obtain

[ @01y D°6) = [ ay || dk e Dot + ke

<[ @+ [ dk | - H7DHG + 1) < oo
25)
for a suitable choice of m. Therefore we can choose m in such a way that

[(qﬂ, Rn,A(t)A’#)I
< % [1COP(|g] )"

< 4] “ [ 0. dol’[ (L = AYPO;11 — ©)A®,+ @)

< 4 HCOP (gl 811 4] = 191 - 26)

by our assumption on V, 4, and . Here [¢ . is the maximum of the L*-
norms of the derivatives of ¢ up to order 2m and |A|~ is the maximum of
the sup norms of the derivatives of 4 up to order 2m. Condition (26) estab-
lishes the strong convergence of (13) for all 7 uniformly in A.

To show that the strong limit

lm R, A(£) At
AT

exists, we insert in (21)
(1 =AY + (% — x;-0)°]7" @7
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before the last exponent. Then for A < A’
(4, [Ra,a ()4 — Ry a(£)A)|

2n

<lgle > TT0+ 6= x50 0 + x)" (28)

K1seerXgneA\A T=2

which tends to zero as A, A’ > T..
By Lebesgue’s dominated convergence theorem, the strong limit

lim T)sAg = T AY (29)
A-T
exists and is given by (18) for all ¢ € #(R"). Since by definition
|1T224] < 4] (30)

and since F(R") is dense in H#, (29) establishes strong convergence of T}, A4
as A —I'. Since C*(R") is dense in C(R") in the sup-norm and because of
(30), (29) holds for all 4 € B(s#) that are a continuous function of the
momentum. The norm convergence of (18) will be proved in the next
section. [l

The proof shows that our assumption on ¥ was somewhat too stringent.
It suffices to choose ¥V such that the derivatives of its Fourier transform up
to order 3(v + 1) are integrable. From our later estimates it will follow that,
in fact, the series (18) converges in norm if ¥, Ve L}(RY).

3. THE WEAK COUPLING LIMIT

Let C,(R") be the space of continuous functions on R’ with f(k) — 0
as |k| — oo. The space C,(R") is a Banach space under the sup norm. Let
Ve #(R), g € s(I'). Then the transport equation

(d/dt)A — E-VA = L(A) b
with

L(4) = (BZ)**| dky [Pk — k)|’8(k ~ ko) 8(k* — ki) —A(k) + A(ky)]
RV
(32)

generates a contractive, positivity-preserving semigroup on C,(RY). [Since
we study the time evolution of observables, i.e., of functions of the momen-
tum, the generator in (31) is the dual of the generator in (3).] The Fourier
transform ¢ is extended periodically out of the first Brillouin zone. We denote
by S; the semigroup generated by (31) and by S? the semigroup generated by
(31) with L = 0.
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To verify our claim, we note that L is a bounded operator, since

sup
keRY

f dley [Pk — k|2 8(k2 — k)| < oo (33)

Let fe C,(R"). Then there exists a point k, € R” such that |f(ko)| = [ f].
If we choose [, = f*(k,) 8(k — k,) as normalized tangent functional to f,
then one verifies directly that L is accretive (Ref. 5, Chap. X.8). Therefore
e't is a contractive semigroup. Applying the Trotter product formula to e
and S;°, we conclude that S; is a contractive semigroup.

We are now in a position to state our main result.

Theorem 2. Let Ve #(R), ges(I'), and 4 € C,(R"). Then the series
(19) defining T;* converges in norm. Let S, and S;° be defined as above. If
v = 3, then there exists a 7, > 0 such that forall0 < 7 < 7

lim T2-2.4(p) = (S2.5:4)(p) € BG#) (34

in the weak topology of B(5#). Here A(p) denotes the function A of the
momentum p as an element of B(sF).

Proof. First we establish some notation and give an outline of the main
steps of the proof. We set [cf. (18)]

T = > @R) (35)

R, (1) is a sum over 2"(2n)!/n! terms. We have 22" terms arising from the
commutators. They are indexed by the permutations = as in (19) and by the
position & of A either to the left, 8 = 1, or to the right, § = 0, of ;. To each
m, 8 we have (2n)!/(n! 2™) pairings p of the integers {l,..., 2rn} arising from the
correlation functions (v, - v,,> [cf. (12)]. Therefore

R() = > R (36)

,0,D

R#7(¢) is the time integral over R¥?(¢,,..., tg,):
RO = [ R ) 37

The proof involves three steps.
(i) For v > 3 we show the bound

(¢, Ri®OAP)| < 6] [¢] [ 4].Cmen (38)

If ,C < 1, we can therefore interchange the limit as A — 0 and the sum
over n.
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(i) We call a pairing p trivial for the permutation = [cf. (19)] if any odd
w(j) is paired with #(j) + 1. For v > 3 we prove the bound

(6, REP()AP)| < |¢] [$]C2n< (39)
€ > 0, for all pairings p nontrivial for 7. Therefore, if p is nontrivial for =
Ah_'ng (iNRXP(A=27)4 = 0 (40)
(iii) If p is trivial for =, we prove the existence of the weak limit
}\izrg (iN)*"REeP(A~27)4 = R™(1)A (41)
and show that all terms sum up to

e

> > Ri(n)A = §°.85.4 (42)

n=0

Ad (i): We assume 4 € (R"). In (20) (with A = I") we insert the expres-
sion (12) for the correlation function. We also insert the explicit form of f
following from (15). Then

((ﬁ: Rﬁ‘”’(h PR t2n)Al/})
= si(w) 27)~™(BZ)~"?

<« 3 | daed

« f 0, dOgy 1 $*(Ozn1 1) AOs, (@)

Rv(2n +1)

2n
x exp[—i(0,%t5q) — OF, 1tn(2n))]{I__[ exp[—1i0 (5, — tn(i—l))]}
i=2
2n
X explil(E0, 13, — EOg,, 113(27;))]{H exp[ilE;t (02, — tr%(]’—l))]}
7=2
2n N
y {H P(©;01 — ©,) explin/@;., — @»]}
=1

X {I:_l[ &(k;) explik(Xpasn — Xpeoj- 1))]} (43)

The sign si(7) of the permutation = is determined by the following rule: If
we have the order - fy; -+ 4 -+ £y;_; - Or vice versa, we multiply by —1, and
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otherwise by 1;j = 1,..., n. If 4 is to the left of ¢, then § = 1;if 4 is to the
right of #,, then 8§ = 0. We have

(BZ)* > & = > 50 — ) (44)

xel’ yel'*

where y runs over the reciprocal lattice I'*. In (43) we therefore obtain the
S-functions
8(Op2i-1y41 — Opei-1y = kj + ¥ns ),

. (45)
8Opepn+1 = Open + ks — vi — vuss)y  J= L,n

The basic strategy for proving (38) is to exploit the spreading of the wave
packet due to the terms exp(i®,2t,). For this purpose (43) has to be rearranged
somewhat. We perform the integration over the ® variables (except for ©,)
by using the 8-functions (45). We extend the k integration over all R’, thereby
taking care of the summation over y,1,..., ya,. We write 4 as a Fourier
transform

AOsrs) = [ dy evoussd() 46)

By estimating the @, and the y integrations we obtain finally

I((ib’ Rﬁdp(tl 3%y t2n)A‘/')l
< @m)=BZ* 6] 4] 14l

dky - dk, exp[—iQ™?(k)]

Rve

X sup sup
BeR” veR” Yiseres ynel*

x II expill) [ T PeIV(~ks + 7)) @7)

0™?(k) is a quadratic form in k,..., k, depending on #,,..., #3,, the permut-
ation =, and the pairing p. The /; depend on 8, 0O,, y, #,,..., tas, t, and A2E,
but do not depend on the k;. This is a fortunate circumstance, for the spread-
ing of the wave packet is independent of the addition of a form linear in &
to Q=?(k). Therefore the specific form of the /; is of no importance. The
form of the Q*? matrix will be essential for the estimates in Lemmas Al and
A2, but does not interest us at the moment. If we regard the last product in
(47) as a product of wave functions, we can apply the following result:

The Basic Estimate (Spreading of the Wave Packet).
Let Q be a real, symmetric, n-dimensional ‘quadratic form, and let / be a



Derivation of the Transport Equation for Electrons 397

linear functional and #,..., ¥, € #(R’). Let P be a projection diagonal in the
given representation of Q. By det POP we mean the determinant of the
principal minor corresponding to P. For P = 0 we set det PQP = 1. Then

|| expli<k|OR> + <IN (k) = dullr) ey -
Rvn

j=1

< |det PQP] -V'Z{l—[ c,} (48)
where ¢, is the maximum of

[ Wl d, e
. (49)
@mye [ a4 )7 |1 = ) dk,

withv + 1 € 2m<v + 2.

Remark. We need the projection P, since the bound by |det Q]2
becomes poor as any of the eigenvalues of Q becomes small. The general
bound by T |¢,]|; is not sufficient.

Proof. First we show (48) for P = 1. Let X;, j = 1,..., n, be the eigen-
values of Q and let O diagonalize Q. Viewing exp(iKk| Qk)) as distribution,
we obtain

{expli(<k| Q> + k) pa(ky) -+ halky) diey -+ dk,

Rvn
n
= I—:[ |47T)\ji —vi2
ji=1

X | dky - dky [exp(i<x + OIID)((0%K)) - $.((0%k)n)

RY®

f dx, - dx,,H exp[(i/4A,)x,%]
RY j=1

< (4m)-™2|det Q|-v/2f dx, - dx,

RV’I

X

L  eXp i) = ol dy = |

< laet g [@n e @y {TT[ afa - s}
0
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If P #£ 1, then
Eq. (48)

= | dk, - dk, expli[<K|PQPK> + <I|Pk> + 2Ck|PQ(1 — Pk}
RV"

jeP

x { 1 ¢,.(k,.)} (5D)

jel—P

x {H ¢]-(kj)} xplCK|(L — PYO(L — PYE> + I|(L — PYOT

and the estimate follows as before. [}

Ad (i) Continued: Applying the basic estimate to (47), we conclude
that for all diagonal projections P

|(#, RE?(tyse.e, ta)AP)| < ] 14] 1 4].C7|det PP =2 (52)

where
C=73 (53)
with ¢(y) the maximum of
(m) " (BZ)*2 | dk |V(k)V(—k + y)gk)]  and (54
R

@) (4m)BZP? | dy (1497 dk |0 = A PRV(—k + i)

By the assumption on ¥V and g, C is finite. By Lemma Al of the appendix

(¢, ReP @A) < [4] 8] |41 /mD(C|A] e (55)
We have 2%(2n)!/n! such terms, which implies
(6 Ro(OA)] < 1] 19 1 = (Cli e (56)

(2n)!/(n! n!) behaves for large n as 4. Therefore (56) proves the estimate
(38) with 7,8C||A|, < 1.
If we estimate (47) directly (formally, P = 0), then we obtain the bound
(¢, Ro(D)AD)| < 4]l [ [ 4] (1/2n1)Cme2 (57)
with C given by (53). This shows that the series (18) for T;* converges in
norm for all potentials such that C < co. A sufficient condition is obviously
ge () and V, Ve LY(RY).
Ad (ii): By (52) and Lemma A2 of the appendix, for any pairing p
nontrivial for =
(4, REP()AD)| < |$]l [$]C2" < (58)
proving (39).
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Ad (iii); Let ¢, ¥ € #(R"). By (58) in the limit as A — 0 only the pairing
trivial for = survives. In the following, p always denotes the trivial for =. We
introduce the difference variables

§; = lg; — laj-1
and the rescaled times
7 = Aty
(j = 1,...,n). Then
(i)*($, Ru(A™27)Ah)

T AT 27, Ty = A28,
- Z(—l)"f dfnj dsnf dro s
E4 0 0 0

Tg ~ A2sg A~ 27y
"'f dTl f dsl (q-,’, R;zbrip(sl seens Spy T1geees Tn)Al/;) (59)

0 0

We want to show first that from the sum over y,,..., y, in (43) with p
trivial for = only the term with y; =...= y, = 0 survives in the weak coupling
limit. For this purpose the k-variables are not so convenient. Therefore, we
express in (43), with the help of (45), the k£ integration in terms of the ®
integration. Then the » é-functions

8((’DP(ZJ')+1 - ®p(2j) + ®17(27'—1)+l - ®17(2,7'—1) - 71’)

(j = 1,..., n) remain. We perform the integration over the é-functions in such
a way that the integrations over @ = 0; and 9, with w(j) = p(2j —~ 1) + 1,
Jj = 1,...,n, remain. Let &(j) = p(2j) — 2m, where m = 0 is the smallest
integer such that @(j) is one of the w(j), and let ¢; = 1 if #,, is to the left
of t5,_4, and ¢, = —1 if 1y is to the right of #,,_;. [The permutation = is
ordered from the right: =(2n) --- =(1).] Then the integrand of (59) is given by

(¢, Rﬁdp(sl geres Sna T1seens Tn)Al/})
= si(mr) (27) " ™(BZ)™2

x ‘[’(®){| I V(Ous — Os)V(—Ouiy + Oagy + 9800y, — ®a‘»<a'>)}
7=1
x (I | exp{ —is;e;[(Quy — E7,)* — Bz — ET)%1}
J=1

X expl— iN%e;52E(® o — ®a—,m)1) exp{l00) + 1)) (60)
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Either 8 = 1 or 8 is the largest nonpositive, even integer such that k + &
is one of the w(j). Here  is a quadratic form and / a linear functional. They
arise from terms of the form

Opap+1tamantn — Lumaim)
= A" HOup + 5+t ¥)(Tn — T + N5)
X AEOuap41(tiwen+n — Lipain)
= A2EOu + v+t Yi)(Tn® — The + 2057y — 2M%s7y + SAY) (61)

with m # m'. Here s stands symbolically for s, s,-, their difference, or zero.
The bound (56) allows us to interchange the limit as A — 0 and the sum over
the » as long as 7 < 7,. Necessarily, j < j' and m # m’. Therefore for
(Y15e-» ¥n) 7 0 we obtain rapidly oscillating terms as A becomes small, which
give zero contribution as integrated over (ry,..., 7,). Therefore in the limit
as A — 0 only the term with y; == v, = 0 survives.

To prove the desired limit, we need yet another set of integration vari-
ables, after performing the integration over the »n 8-function just below (59).
Let # be a permutation such that for odd #(j), =(j) + 1 is to the left of #{(;).
If {p(2i — 1)p(2i)) is the pairing associated with #,,_; and #,;, we set ©," =
0, For given # the remaining integration variables are © = 0, 0/,
j = 1,..., n. To each such permutation # we associate 2" — 1 other permuta-
tions with the same sign si(#): - f5;t5;.1 - 4 - is associated with - 4 -~
toj_qta; -+ and - tg; o A - ty;_, is associated with - 2o,y o A4 - £y, . In
(60) this changes the sign of ¢; and allows us therefore to extend the integra-
tion over s; from —A~%r; to A~Zr; This introduces in the upper limit of
integration of r; an error of order A%s;, which is negligible in the limit as
A — 0. Therefore

T k73
im (=17 3 i) [ "t |
lim ( )%SI(w)o T |ty

—-A" 27y

x (2m)"™(BZ)*"24*(@) A(Or,)H(O)

A2y
ds, f 40 dO, - do.’
Rv(n+1)
X (H exp{—is;[(®, — Er))® — Ozgy — Er P}V (O — 05)|2
F=T1
X 80/ ~ O3p) [ [ expl ¥ 0 ~ 03]
i=1

= (=1 3 si() f dry e dry f 40 dO,’ - o,
7.0

0KTy o €T €T Ryén + 1y

X $*(®)¢7(®){11 K®, — E;, 05 — ET:-)}A(@;'«;)) (62)
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where

K(©, 0") = (BZ)¥? 802 — 0'2)|P(© — ')

80 — 0) (63)

@(j) is determined by the same rule as above, «(j) = 1 if 8 = 1 for # and
k(j) = mif 8 = 0 and if we have the order - t5, -+ tot1 Aty -, -+ for #. We
recognize (62) as the Dyson expansion

(6, SO.Sab) = f dry e dry (b, L(zy) = L{r)Ad)  (64)

0Ky €1,<T

where L(r) = S%,LS,°. Since |T?-2,4] < | 4], the weak convergence on a
dense set in 4 implies weak convergence. Since #(RY) is norm dense in
C,(R") and since |T;*| < 1, |S2:S;] < 1, we have weak convergence for all
AeCo(R). B

The proof shows that the requirements of Theorem 2 on the covariance
{v.00> = g, and on the potential V are somewhat too strong. Sufficient condi-
tions are g € C2(BZ(T), Ve LX(R"), Ve C*R") such that all derivatives
up to order 2m are integrable, v + 1 < 2m < v + 2.

4. CONCLUSIONS AND COMMENTS

(i) The proof we gave is unsatisfactory in two ways. (1) Certainly the
restriction 7 < 7, and quite likely the restriction » > 3 are artifacts of our
method. Physically, one would expect the weak convergence in (34) for all
rand v = 1, 2,.... (2) Our proof depends in a very delicate way on the fact
that the dispersion law is w(k) = k% If w is only slightly varied, the proof
breaks down. The reason is that it is not clear how to extend the basic estimate
(with the right 7 dependence!) to the other dispersions.

(ii) If so wanted, one also can give the Hamiltonian H* [cf. (1)] a
dynamical (nonrandom) interpretation. v, is then to be interpreted as the
position of the oscillator at site x of an infinitely extended quantum harmonic
crystal (which has its own independent dynamics). This means that the ideal
solid interacts with the conduction electron by a one-phonon-electron process.
The average over the Gaussian measure is replaced by the average over the
thermal equilibrium state of the harmonic crystal. We have then the same
rules for expressing the higher order correlation functions in terms of the
(now time-dependent) two-point function {v,(t)v,>. If we choose the harmonic
crystal as a set of independent oscillators all with the same frequency w, then
our estimates still hold. The collision kernel K is given by

K(k, k') = |V(k — K)|2Qw) " [(1 — e~59)~1 8(k% — k% + w)
(0 — )7 8k — k2 — )] 65)
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This is the so-called Frohlich model® and describes the interaction of
electrons with the optical mode. The weak coupling limit for the polaron
with less trivial dynamics for the harmonic crystal is an open problem.

(iii) Davies™ studied the weak coupling limit for a finitely extended
quantum system coupled to a thermal reservoir (an infinite, quasifree Fermi
system at equilibrium). It should be noted that in this model the weak
coupling limit is controlled in a way very different from ours. Davies has to
estimate time integrals over equilibrium time correlation functions of the
reservoir. The existence of the weak coupling limit is completely independent
of the system Hamiltonian (as long as it has a pure point spectrum). The limit
is, so to speak, reservoir-induced. Quite to the contrary, in our case the
existence of the weak coupling limit depends strongly on the system Hamil-
tonian. It is tempting to apply Davies’ analysis to the present model. [In order
to do this we have to interpret v, as described in (iii).] If one goes through
Davies’ proof in a formal way, one ends up with the condition

> [Koovu(1))] € LA(R) (66)

xel'

for the equilibrium time correlation function {vew.(¢)) of the isolated crystal.
Unfortunately, since (66) does not tend to zero as ¢ — o, it has no hope of
being integrable. It would be of interest to see whether one could modify
Davies’ method in such a way that the weak coupling limit for the present
model becomes controlled through the dynamics of the crystal.

(iv) We also investigated the case of a classical particle moving through
random impurities with a Hamiltonian function given by (1) (£ = 0). In this
case one uses a space and time rescaling

A—0, A%t = 7 fixed, A%r = q fixed 67)

[The rescaling (67) should come as no surprise. Martin® has shown that for
the classical Lorentz gas (wind-tree model) the limit (67) is equivalent to the
Grad limit, where the density of the scatterers is increased and their cross
section is decreased in such a way that the mean free path of the wind-
particle is kept constant (no space and time rescaling). The equivalence of the
two limits should be true in general.] We can copy step by step the proof for
the quantum case. In the limit (67) one obtains, again in the interaction
picture, the Fokker—Planck type of equation for the time evolution of phase

functions f(p, q),

G0 = > 2 ) g S(2r0) (68)
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with
ho(p) = [ de [ dle g0 P00 P’ ©)
0 RY

However, we have been unable to control the interchange of the sum over n
and the limit A — 0.

(v) In solid state physics one is interested in a somewhat different kind
of random impurity problem. One supposes that the scatterers are randomly
distributed in space, e.g., as the spatial part of the ideal gas in equilibrium.
For a low density p of the random scatterers—a condition which is clearly
met in many practical situations—the validity of the transport equation (3)
with g(k) = 1 is assumed. As in Section 2, one can prove for this model the
existence of the averaged dynamics in the infinite-volume limit and the
convergence of the Dyson expansion. In the limit density p — 0, # — oo such
that pt = 7 is kept constant (there is no assumption on the weakness of the
interaction!), one obtains formally the transport equation (3). The mechanism
for the survival of those terms that add up to the transport equation is
precisely the same as in the present model. Unfortunately, in the Dyson
expansion at each order n there are so many terms that a uniform estimate
in 7, even for short times, cannot be obtained.

APPENDIX

Let p be a pairing of {1,..., 21} and let = be a permutation of {1,..., 2n}
such that #(j + 1) > =(j) for] kand =(j + 1) < =(j) for k >] + 1 We
order {1,..., 2n} and the permutation = from the right, i.e., 2n - j--- 1 and
w(2n) -+ w(j) - m(1). The pairings are labeled in order of their ﬁrst member
to the right, i.e., p(1) << p(2j — 1) < «-< p(2n — 1). Let

85 = a1y — Lagys J=1..,2n -1 (AD
We conclude from (45) that the n x n matrix Q% in (46) is given by
(@"")m = Z 5; (A2)
where the sum is over all i such that p(2j — 1) < i € p(2j) — 1and p(2m — 1)
i < p(2m) — 1. Let A be the function
h:t— min{l, [z]7¥2} (A3)

Let P be a projection diagonal in the given representation of Q™?. By
det PQ™?P we mean the determinant of the principal minor corresponding to
P. For P = Q we set det PQ™?P = 1.
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The analysis leading to the results of Lemmas Al and A2 is rather
involved. However, the basic strategy is very simple and can be easily under-
stood in terms of a graphical representation of Q™?, which we introduce now.
At the beginning of each proof we will explain then the “flow diagram” in
terms of this graphical representation.

We fix the permutation « and introduce the difference variables s;. For
example fhere #(1) = 5, m(2) = 3, #(3) = 1, =(4) = 2, #(5) = 4, =(6) = 6,
p(1) =5, p2) = 4, p3) = 3, p(4) = 1, p(5) = 2, p(6) = 6]

f 1

A A A A

85 Sq 83 So §1 *)

The specific pairing p determines the diagonal elements of Q™?, which are
represented as straight lines, as can be seen from the example. The off-
diagonal elements of Q™? are already uniquely determined by its diagonal
elements. (The off-diagonal term jm contains all terms common to the
diagonal terms jj and mm.) For example, (*) is the graphical representation of

S1 + Sa+ S35+ Sg So Sy
Qn,p = 89 So 0

Sy 0 54+ 55
We have the following bound:

Lemma A1l.

| sy dryminldet POT7PI - < (Unr(Ul)r (A%

forv = 3.

Proof. (0) We express the time integration in terms of the s-variables
[step (i)]. One has to perform 2n time integrations. For the integration over
the s-variables appearing at the first place from the right in a line one uses an
L*-norm estimate of miny|det PQ™?P| V2 One has to show [step (ii)] that
after this estimate the remaining function comes from a new Q™? matrix
that is the old one where the line used in the estimate has been simply omitted.
Since we have n lines, we obtain thereby the factor (|A[},)". The remaining »
integrations are performed explicitly. At each step this results in a polynomial.
If there is a norm estimate, one takes the supremum of the polynomial over
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the range of integration. One has to show [step (iii)] that the explicit integra-
tions and the suprema together result in (1/n1)¢™ (In our example, we estimate
the s, and the s, integrations, perform explicitly the s; integration, estimate
the s, integration and take the supremum of the polynomial, and integrate
explicitly over 55 and #;.)

(i) To perform the integration, we express the integral (A4) in terms of
the s-variables, which will depend then on the permutation «. Let /() be the
largest integer such that #(I(j)) < «{j). Then

<0 if m<I(j)
§; A F Sm{Z 0 i m oz

(m = j,.., 2n — 1). We assume that #(2n) = 2n. The case =(1) = 27 can be
obtained by reflection. Then

(A3)

0 <85+t Sop-1 < Iy (A6)

From (A5) and (A6) we obtain the domain of integration

—(sj41 ++ 8ip) <5< 0 (A7a)
if j > k and =(I(j)) < =(j) = 1;
—(Sj01 Tt 5iy) <85 < — (41 FF Sip-1) (ATb)
if j < k and =(I(j)) = =(j) — 1; and
0 <55 < tog — (Sj41 o F S20-1) (A7¢)
ifj > k.
(ii)) We exploit the special structure of Q™*. Since
p(l) =1 (A8)
s, enters only at (Q*?),;. Therefore
det Q™7 = s;(det Q%%) + R, (A9)

where R, is a rest independent of s,. The index 2, n denotes the principal
minor from 2 to »n. (It can be shown that det 0*? is a monomial with coeffi-
cients + 1 in the s-variables.) Q%2 has the same structure as Q7:5 but depends
only on Syays--., S2n—1- AS We integrate over si,..., 5,_; the integrand has the
following form:

min|det POF:%P| " pol(s,...., Sga-1, tan)(1A])" (A10)

where pol denotes some polynomial. Two cases can now occur:

1. The first term does not depend on s,. Then the integration over s,
will result in a new polynomial pol'(s, 15.., S2n—1, £2,) With a degree raised by
one.
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2. The first term depends on s,. Then » = p(2j — 1) and we estimate by

sup |POI(Spes— 1y5+es San—15 Ean)| (A D™

Sp(as - 1)€le,bl
b
x f 5,07 1, min|det POT2P| 12 (Al1)
P
a

Let the unit vector in direction j be contained in the range of P. Then we
have

|det PQFEP|~¥2 = |det POFP1,oP | V2|Sps-1y + Ry(det PO ,P) 1|77
(A12)

where R, is some rest independent of s,;_,. The integrand in (A11) is also
bounded by |det PQ7:7,,P| V2 Therefore

(Al1l) < Sup  |Pol(Spej—1yseees San—1, tan)| (2] D™ *?

Spegj - 1)€la,bl

x min|det POQFH P2 (A13)
P

and we pick up an extra power of |4]; and a polynomial of the same degree
as before.

(iii) We have to keep track of the polynomials. Let #{(i) << =(j) be
all those permutations having the same /(j). If we integrate the constant
function over s;,..., §;, we obtain

(1ferD(s109)™ (Al4)
with o; = #(I(j) + 1) — #(I(j)) — 1. If we now integrate over
min|det PQ™?P| V2
)4
then we have to apply the bounds developed in (ii). In each case the sup of
the polynomial is at the upper limit of integration. Consequently, at each
estimate we pick up one power of 4], and one power less of the polynomial

we obtained before. Therefore, depending on the number of estimates, the
integration now results in

(et Dsicp) (|l )™ (A15)
with «; = «(l(j) + 1) — #(j) — 1 — m’. After all integrations up to s,_q,
the integrand is then given by

T4 (5 (UL mindet PQEZ,.. P (A16)

i<k

where 0 < o; < #(j + 1) — «(j) — 1 and

2n-1 2n-1
2 wtm= 3 @+ =aG) =1
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The first o; % 0 is for j = I(k — 1). Let n(i(k — 1)) — =(k) = B'. Integrating
OVET Sjy.-es Sy —1y-1 gives the factor

1B N(tan — Szn-1 —*— Sige-1))*

If we have to apply the estimate (A13) several times, then the integrand
becomes

{ f:[ (S:)a} (sl(k )=

j=lk—1)+1 ol
1
x /? (t2n — San—1 — " — Sy 1))5(”}1”1)7" mln]detPQm +1, nPl_V/z (A17)

If det Q%% 1,, does not depend on sy, - 15, then we obtain upon integration the
factor

2n-1 1 1
{j=l(l_—11)+1 @ (Sj)a,} m (fon = San-1 =+~ Syogy41)Fe- D
(A18)

If det Q%7 ,,, depends on s - 1,, we apply (Al13) and estimate the supremum
on (A17). We obtain

an-1 1
{H> o1 )“} oy F 1 (o o =T S e

x (Al ++ min]det POI ».nP| =" (A19)

where we used

log a! + log B! + (« + B)log(e + B) — «loga — Blog B = log(e + B)!

Continuing the integration, we find

J dtzn b dtl m]n!det PQﬂ,pPI —viz
P

f dton Gy o A" = 57U W (A20)
We call a pairing p trivial for « if any odd =(j) is paired with =(j) + 1.
Lemma A2. If p is nontrivial for = and » > 3, then

[ dty, - dt, min|det PQ™?P| 2 < Crr=¢ (A21)
P

0ty o Stop <t

for some € > 0.
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Proof. We restrict ourselves again to the case n(2n) = 2n. We isolate
an important condition for the pairings p, which will be used throughout the
proof:

Lp2)—-1=p2i—-1D if pGi-1D=k
2. either p2j) — 1 = p(2j — 1) or p(2j) — 1 = I(p(2f — 1)
if p(2j—1) <k and «(I(p(Zj — 1)) < =(p(2j— 1) — 1 *)
3. either p(2j) — 1 = I(p(2j — 1)
or p2j)—1=1IpZ-1)-1
if -1 <k and #(l(p2j — D)) ==(p2j — 1)) -1

(0) We fix the permutation = and consider the set of all pairings. In step
(i) we will exploit the fact that

© ¥
J dxh(x), y>0 and f dxh(x), y <0
Y -

behave as |y| ¢, € > 0, for large | y|, which gives after all remaining integra-
tions "¢, We perform all integrations until there is only one line left. (Up
to sz in our example.) If this line is not of the form given in (¥), then all
terms with these pairings will behave as " €. We therefore consider now
only the subset of all pairings for which the last line of the graphical repre-
sentation has the form (*). We perform all integrations up to the line before
the last one. Again, if this line is not of the form (¥), then all terms with these
pairings will behave as #*~<. We therefore consider now only the subset of
all pairings for which the last line and the line before the last one has the
form (*), etc. The general case from jto j + 1 is treated in step (ii). (In our
example the last line s, — s5 gives already the —e power.)

In step (iii) we consider the subset of all pairings for which (*) is satisfied.
Except for the trivial pairing, each one of these terms necessarily contains an
integral of the form

Y
f dx XTh(x) ~ yi-<
[1]

(y > 0,9 > 1, e > 0), which upon integration leads to " <. We conclude
therefore that for a given permutation = all terms except the one with the
trivial pairing behave as #™~¢.

(i) Let us assume that all integrations up to sy.-1,~1 have been per-
formed as in Lemma Al. Then, up to a polynomial, the integrand is

h(Span~1y +++ Spany-1)

Integrating OVer Sy, -1y, we pick up the power of -e except if conditions
(*) are satisfied for j = n.
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To see this, we write out the s,,., integration and perform a change
of variables:

tan —(Splany + "+ + 320~ 1)

1. f dx h{x)
Speen—-1+1t  Fipeny -1
Spean—1y+1F > F8pany -1

2.. f dx h{x)

Sipan —1n+ 1+ o FSplany -1
Spea-1+1+ " Fipany 1
2. f dx h(x) (A22)
~{8pigny+ -t +Sup(an - 1)
Sitp(zn =~ 1N F " Spran) ~ 1
3,. f dx h(x)
Sipean~1n+1t "+ Spam) ~1
= (speamy+ *** +Sipign —10 -1}
3. j dx h(x)

—(Spany+ 00+ SKpeen - 1))

The respective conditions are

I,. pCn—-1) 2%
2,. p2n— 1D <k and p(n) — 1> l(p(2n — 1))
2_. pCn—1 <k and p(2n) — 1 < I(p(2Zn— 1))

with =(((p(2n — D)) < «(p(2n — 1)) — 1; and conditions 3, and 3_ as
conditions 2, and 2_ with #({(p(2n — 1))) = =(p(2n — 1)) — 1. Let

@ Y

£y = i, 7o) =] dene (a23)
Y -

Then f, behaves as y~< for large, positive values and f_ as |y| =< for large,

negative values. The integrals indicated by the plus sign can be estimated

by f, and those indicated by the minus sign by f_, which gives the extra

power —e.

(ii) Let us assume that all integrations up to Syem-1,~1 have been per-
formed and assume that in the integrations over Sye;-1), /= m + l,..., &,
we will pick up the extra power —e except if for j = m + 1,..., n together the
conditions (*) are satisfied. We want to show that we pick up the power —e¢
except if for m the conditions (*) are also satisfied.

We have to consider only those pairings for which (*) are satisfied for
j=m + l,..,n. The possible pairings {p(2m — Dp(2m)) are classified as
(a) nonoverlapping if p(2m) < p(2m + 1), (b) partially overlapping if
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p2j— 1D < p@Cm) — 1 < p2j)—1 for some j=m+ 1,....,n, (c) com-
pletely overlapping otherwise.

If the pairing {p(2m — 1)p(2m)> is nonoverlapping, then by the same
method as in (i), we pick up the power —e except if (*) are satisfied with
j=m.

If the pairing {p(2m — 1)p(2m)> is completely overlapping, then we
distinguish again the five cases above. We find now integrals of the form

f dx, fo(@ — xDh(xy), f dxy dxy [ (@ — %1 — x)hEAGE)
(A24)

f dx; f-(—a — x)h(xy), f dy dx fo(—a — x1 — x)h(e)h(x)so

with a > 0, which behave for large a as a~¢. We denote these cases briefly
by f.(a — x)h(x) and f_(—x — a)h(x). We assume that (*) is not satisfied
for j = m. Then for 1, we find f, (a). For 2, and 3, we obtain either £, (a)
or f.(a — x)h(x). For 3_ we obtain f_(—a — x)h(x). The final case 2_ is
somewhat more complicated. We estimate at the upper limit of the integral
as f_((Spem-1y+1 + -+ Spaem—-1,) — (). Let m’ be the largest integer with
(m") = I(p2m — 1)). By (*) and the complete overlapping for p(2j — 1) < m’
we can have only “points,” i.e., factors of the type A(spe;-1,), j > m. If this
already exhausts all pairings j = m + 1,..., n, then, by consecutively taking
the supremum of f_, we obtain f_(—a). If this does not exhaust all other
pairings, then by estimating the supremum of f_ we obtain

S-(=(pmy -+ Sipem-17-1) — ()

which is of the form f_(—a — x)A(x).
If the pairing {p(2m — 1)p(2m)) is partially overlapping, then of the
five cases (A22), only 2_ and 3. can occur. We note that for large s

Q
| aymingt, |y + 5772, [y 7203} o~ | (A25)

If s € 0, the claim is obvious. If s > 0, we choose around the singularity
y = —s the interval [—s — 5% —s + 59 with 0 < ¢ < 1. Then (A25) can
be split as

@

—-5—89 —s5+s¢

f dyly + s| 72 +f dy [y| 72+ +f dyly + 5|77 (A26)

- —-5—s4 —-5+s4

The first and the last terms behave as s~'%2 and the middle term as s~ @/2*+1+4,
To estimate the partially overlapping pairings, let {(p(2j — Dp(2f), be

the first pairing (from the right) after {p(2m — 1)p(2m)) such that p(2f) —
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1 > p(2j — 1). We estimate the sps,_;, integration and all integrations
between Span - 1) and Sy 1, as in Lemma Al. Then the remaining determinant
factorizes and we obtain for the s,.;_,, integration the bound

min{l, |spg;-1, + 5’| 7%} (A27)

where s’ stands for a sum of the variables S,; 1)1 1,---» Spj— 1, depending on
p. Furthermore, we obtain the bound

0

—vi2
J ASpem -1y 1Spem -1y + 7+ Spmy-1} 7Y
—

< €fSpgi-1y +F Spam-y-1] ! (A28)

since Spaj-1y +F Spem-1 < 0. If Spei-1y01 ++ Spem-1 = 0, then we
can bound (A28) by |spwei-1,] ~ %2 1. Then (A25) gives the desired extra power
of —e If Sp05- 1541 T+ Spem-1 < 0, then the upper limit of integration
for spg;_1y 1s necessarily —(Sp@j-1+1 ++ Sip@j-1y-1)- Shifting the inte-
gration limits by Spej-1,4+1 ++ Spamy—1, We can again apply (A25) with
§ =5 — (Spej—1y41 T+ Spamy-1) tO Obtain the power —e.

(iii) By (ii) only the pairings satisfying (*) for j = 1,..., n do not give rise
to the extra power —e. Here we want to show that among all pairings satisfy-
ing (*) for j = 1,..., n only the trivial pairing does not pick up a power of —e.
We note that because of (*), det PQ™*P factorizes.

We look at the pairing joining =(k) — 1 and =(m). [To simplify the
notation we consider here p as a pairing of #(2n) --- (1) and not of 2n --- 1
as before.] If m > k, then by (*), m = k + 1 and #(m) is even, say 2b. Since
to the right of k we necessarily have then the pairings <2 3),...,{2b — 22b — 15,
for the integration over s, we obtain (s;)% where « > 1 whenever b > 1.
The integral

ton =Sk +1+ " +San—-1)
dsi (5)°Rh(si) ~ [tan — (See1 +F Son-)]*7¢  (A29)

[¢]

for « > 1. If k > m, then w(m) = 2. Therefore only the pairing {1 2) does
not pick up an extra power of —e.
Let us suppose that we showed already that only the pairings <I 2),...,
{2d — 1 2d> do not have the extra power —e. We look at the pairing joining
#(j) = 2d + 1 and =(m). Since by assumption =(j) < =(m), by (*), =(j) +
= ar(m) whenever =(j) is second (from the right) in the pairing. Let us
suppose that «(j) is first in the pairing. If j > k, we can repeat the argument
of the preceding paragraph to conclude that only for #(j) + 1 = #(m) is there
no extra power of —e. If j < k, then by (*) necessarily m > k, #(m) even, say



412 Herbert Spohn

2b, and to the right of j we have the pairings {=(j) + 2),...,{2b — 22b — 1>,
Therefore we obtain the integral

0
ds; (55 -4 Sip)*h(s; ++" + 51p) (A30)

~{sya1+ = +sup)

where « > 1 whenever #(7) + 1 < #(m). The prime indicates that we do not
have all variables in between. The upper limit of the integral may be also
— (841 + -+ Sypn-1). If « = 1, the integral (A30) gives the extra power of
—e¢. Therefore only for #(j) + 1 = =(m) do we not obtain the extra power
of —e. This concludes the proof. [}

ACKNOWLEDGMENTS

It is a pleasure to thank M. Aizenman, J. L. Lebowitz, and E. H. Lieb
for valuable discussions. I am particularly grateful to P. Martin for many
very useful suggestions, which lead to a considerable improvement of an
earlier version of this paper.

REFERENCES

. W. Kohn and J. M. Luttinger, Phys. Rev. 108:590 (1957); 109:1892 (1958).

. L. van Hove, Physica 21:517 (1955); 23:441 (1957).

. C. Bruin, Phys. Rev. Lett. 29:1670 (1972).

. P. Martin and G. G. Emch, Helv. Phys, Acta 48:59 (1975).

. M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier
Analysis, Self-Adjointness (Academic Press, New York, 1975).

. H. Fréhlich, in Advances in Physics, Vol. 3, N. F. Mott, ed. (Taylor and Francis,
London, 1954), p. 325.

. E. B. Davies, Comm. Math. Phys. 39:91 (1974).

. P. Martin, Modeles en mécanique statistique des processes irreversibles, troisiéme
cycle de la physique en Suisse romande, Ecole polytechnique Lausanne.

[2,1 AR W RS e

20~



